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1. Introduction

In a preceding paper [[l], denoted in the following by (I), we developed the heavy charge ap-
proach to the correlation functions in Liouville theory on the pseudosphere. Here we extend
the treatment to the richer case of Liouville theory on a finite domain with conformally
invariant boundary conditions. The bootstrap approach to such a problem was developed
in the seminal papers by Fateev, Zamolodchikov and Zamolodchikov [J] and Teschner [
providing several profound results; in particular the exact bulk one point function and the
boundary two point function were derived. Further results were obtained in [, jj. As done
in (I) for the pseudosphere, here we want to approach the problem in the standard way
of quantum field theory, i.e. by computing first a stable classical background and then
integrating over the quantum fluctuations.

In section [J we separate the action into the classical and the quantum part and we
derive the boundary conditions for the Green function.

In section ] we develop the technique for computing the constrained path integrals
by explicitly extracting the contribution of the fixed area and fixed boundary length con-
straints. Then we consider the transformation properties of the constrained N point vertex
correlation functions under general conformal transformations. The key role of such devel-
opment is played by the regularized value of the Green function at coincident points, both
in the bulk and on the boundary. The non invariant regularization of the Green function



suggested by Zamolodchikov and Zamolodchikov in the case of the pseudosphere [f—f] and
its generalization to the boundary are essential. We prove that the one loop contribution
(the quantum determinant) provides the correct quantum dimensions [[(] to the vertex
operators.

In section [ we deal with the computation of the one point function. The background
generated by a single charge is stable only in presence of a negative boundary cosmological
constant; we compute the Green function on such a background satisfying the correct con-
formally invariant boundary conditions by explicitly resumming a Fourier series, as a more
straightforward alternative to the general method employed in (I) for the pseudosphere.
Such a Green function and its regularized value at coincident points are given in terms of
the incomplete Beta function.

The presence of a negative boundary cosmological constant imposes to work with some
constraints and the fixed boundary length constraint is the most natural one. It is proved
that the fixed boundary length constraint is sufficient to make the functional integral well
defined because the operator whose determinant provides the one loop contribution to the
semiclassical result possesses one and only one negative eigenvalue. However, to compare
our results with the ones given in [ at fixed area A and fixed boundary length I, we
introduce also the fixed area constraint. Exploiting the decomposition found in section [,
we are left with the computation of an unconstrained functional determinant, which we
determine through the technique of varying the charges and the invariant ratio A/I2.

The one loop result obtained in this way agrees with the expansion of the fixed area
and boundary length one point function derived through the bootstrap method in [P and
for which there was up to now no perturbative check.

In the we analyze the spectrum of the operator occurring in the quantum
determinant.

2. Boundary Liouville field theory

The action on a finite simply connected domain I' with background metric g,, = 4 in
absence of sources [P, ] is

k
St,0[¢] :/r Ea¢¢a<¢+ﬂe2b¢}d2<+ﬁr[g—w¢+;@eﬂw (2.1)

and in presence of sources it goes over to

Sr,n[¢] = lim {/F [%a¢¢a<¢+u62b¢]d2<+ép[%m;@ew]dx (2.2)
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where @Q = 1/b+ b, k is the extrinsic curvature of the boundary 9I', defined as
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where )\ is the parametric boundary length, i.e. d\ = \/d(d(. The integration domain
. =T\ UnN:1 Y is obtained by removing N infinitesimal disks 7, = {|¢ — (| < &,,} from
the simply connected domain I'.

The boundary behavior of ¢ near the sources is

P(¢) = —anlog|¢ — > +0(1) when ¢ —Cn. (2.4)

In order to connect the quantum theory to its semiclassical limit it is useful to define [[L1]

_ I

o =26, an =" (2.5)

Then, we decompose the field ¢ as the sum of a classical background field ¢ and a quantum
field

o= pp+2bx. (2.6)

The condition of local finiteness of the area around each source and the asymptotic behavior

(4) for the field ¢ imposes that 1 — 21, > 0 [13-[i4].
Then, we can write the action as the sum of a classical and a quantum action as follows

Sr.n[¢] = Sales |+ Sqlws, x] - (2.7)

The classical action in absence of sources is given by

1 1 k
Saoles] = 5 {/r [5649033@03%-#526“"3} d*¢ + jéar [E@B+M3b26‘p3/2:| d)\}

(2.8)
and in presence of sources it goes over to

1. 1 L
Salgs] = 23 lim {/F [EacsoBagsanwbze*"B]dQCJrjgr[E¢B+M3b2e“’3/2]d>\

b2 e,—0
N = N
1 dc dc
I R e RO W TR S
n=1 n=1

On C_Cn C_Cn

while the quantum action reads

en—0
1>

1 1
Sqles,x] = lim {/ [—acxﬁcx%—,ue%(e?bx_l)——Xﬁc(?(ng} d*¢ (2.10)
r. L7 b

1 — O - % eB/2 (bx _
+4m’b jgrx (ngBdC BchdC) + ]ir [ o X+ use (e 1) dA




For the classical background field, we assume the following boundary behavior

@s(¢) = — 2nalog | — G |2 +0O(1) when ¢ — G- (2.11)

Under a generic conformal transformation ¢ — ¢ = ¢ (¢) the background field changes as
follows ~

.z dc|?

es(C)  —  @(0) = @s(() — log & (2.12)

so that e¥2d?( is invariant, while the extrinsic curvature becomes
- 1 1 /d¢ d¢
k k= —4—=|k+ = |(-=0clogJ — —=0zlog J A) edl 2.13

where J = |dC/d¢|?. Under such conformal transformations the classical action both in
absence and in presence of sources is invariant up to a field independent term. Thus, the
classical action (.9) by variation of the field ¢, gives rise to the conformally invariant field
equation

N
— 00z ps + 2m pb® P = 2w 1y 2(C — ) (2.14)

n=1
which is the Liouville equation in presence of N sources, and to the following conformally
invariant boundary conditions for the classical field

1 % _d_E ~ _ ﬁ 2 ,vB/2
<d)\ Ocpn ™ 8Cg03> = 5 + pusbe , ¢(A) eorl. (2.15)

 4mi

The field independent terms which appear in the change of the actions under a conformal
transformation are

- 1 - I
Sea,0l@s] = Sa,oles] + =35 }{~k log Jd\ — 7{ k log J d\ (2.16)
8mb* \ Jor ar

where J = |d¢/d(|*> = 1/J, while in presence of sources we have

N
Buldn] = Sulegs] + 3 A=) 1o

" (2.17)

dC ¢(=¢Cn

n=—

1 - ~ ~
+—2<7{ k:longA—j( k:longA).
&b o7 a0

The requirement that the expectation value of 1 be invariant under conformal transforma-
tions, i.e. the invariance of the vacuum, imposes to subtract the term

1 3 oo
. 7{ i log J dA —7{ k log J dA (2.18)
8rb? \ Jor or

from the r.h.s. of (R.16) and (R.17) when computing the transformation of the vertex
correlation functions under conformal transformations. The term (R.1§) vanishes identically
for the conformal transformations which map the unit disk into itself, i.e. the SU(1,1)
transformations. In this way one obtains the semiclassical conformal dimensions of the



vertex operators e2(1n /b)6(Cn)

Bl _ g, (% _an) . (2.19)

Finally, we recall that ub? and pb% have to be kept constant when b — 0 B B
Using the equation of motion for the classical field, the boundary conditions (R.15) and
the behavior at the sources (B.11)), the quantum action (B-I0) becomes

1
Seles . x] = /1‘ [ —chagx + pe¥s (e2bx —1- 2bX) ] d*¢ (2.20)
b
+— kchd)\%——j{ kzxd)\%—}{ ,uBe“’B/Q(ebX—l—bx)d)\.
am ar ar
Integrating by parts the volume integral in (2.20) we obtain
1
Silvwox] = [[| =2 xB@cx e (-1 -2m) | (2.21)
T
1 d¢ d(
+R <d)\ %X = aCX)
+— kchd)\%—ij{ kzxd)\%—}{ ,uBe“"B/z(ebX—l—bx)d)\.
47 2 or or
By expanding in b the boundary conditions for the full field ¢ = ¢z + 2bx, which are
1 [d¢ _dC QFk 2 /2
—— | = = = T 2.22

and using the boundary conditions (R.15) for the classical background field ¢, extracted
from the classical action (R.9), we get the boundary conditions for x

1 [d¢ ¢ k

- (Zax-% L be?Bl2 (hx _ k-
o <d>\a<X 64X> ppb e (= 1) + o=b, (A eor (2.23)

k 2
= ,uBer“"B/Qx—i-b<%+MBbze‘p3/z%> +0(b?) .

To order O(b°) we have

1 [ dC dc
__<ﬁ Y

211

(90() = ugb? /%y | ¢(A) eol. (2.24)

With the field yx satisfying (B.24), we are left with the following quantum action
1 2 2 2bx)
Sq[SDB,X]:§/F <——8¢84+4,ub e*"B>XdC+kZ>3/,ue“’B o d*z

1 b k
+— k:chd)\ + — ¢ kxd\+ 27{ R G (2.25)
4 2 or k>3 '

The first term of the second line is O(b°) while the other boundary terms are O(b) or higher
order in b.



Thus, imposing on the Green function g(¢, (") of the following operator
2 2
D= ——=0c0; + 4ub”e?? (2.26)
T

the boundary conditions (R.24), i.e.

1 d d
S (gagg@,c') - gagg@,c')) — e g(C (), () ear  (227)

we can develop a perturbative expansion in b. The Green function of the operator D
satisfies

Dyg(¢.¢) = 8*(¢—¢) (2.28)

and, due to the covariance of D and of the boundary conditions (P.27), it is invariant in
value under a conformal transformation ( — ¢ = ¢(¢), i.e.

g(f? é:/) = g(C7 CI) * (2'29)

3. Constrained path integral and quantum dimensions

The partition function in presence of sources is given by
Z(Clymis -5 NSNS s i) = /D [¢] e~ orle] (3.1)
with

*dl ©dA
Z(C1ms - CNSING s ) = / 7€ “Bl/ € A Z(Cyms -GN AL (3.2)
0 0

where we have used the conventions of [@] and

Z(Clan17"'7CN7nN;A7l) = e_SCl[¢B] AZ/D[X] e_SQ[X#)B} X (33)

) </ e¥Bt2xg2e A> § <7§ B2t g\ — z) .
I or

The classical background field s satisfies the Liouville equation (2.14) with boundary
conditions (R.15) and

A= / ePBd>¢ (3.4)
r
| = 7{ e?B/2 dx . (3.5)
or
Substituting (R.25) in (B.J) and exploiting (B.4) and (B.5), we have to one loop

Al
Z(C17n17"'7CN7nN;A7l) = eisCl[LpB] W I (36)



where

I = ¢ = $or kemd /D[X] e ~206Dx) 5</ e%"BXd%)&(y{ e“’B/QXdA> .37
T or

The seemingly non perturbative factor 1/b% in (B.) is due to the presence of the constraints.
Using the integral representation for the two delta functions [[[J] we have

I = e_ﬁ $or ks dXh (3.8)

x%/D[X] /dp/dT exp{—1 (X,Dx)—l—ip/e“"BdeC—i—iT}{ e‘pB/Qxd)\}.
(2m) 2 r ar

In the following we shall use the notation @z(A) to denote the field pp computed at the
boundary point ¢((\) € 9" and ¢(¢,\) and g(\,\) to denote the values of the Green
function with one or two arguments on the boundary.

Performing the field translation

X(©) = X(Q) +ip / 9(6,¢) PO 1 iy 75 gV N2 (3.9)
I or

we reach the result )
e an $or keB dA

= (3.10)
2mv/detM DetD
where M is the matrix
LR
M = 3.11
(+5) e
with
= 7{ yf e?BN24X g(A, X) dN erpN)/2 (3.12)
or Jor
S = //evB(C)dQC g(¢, ¢ d2¢! e#B(C) (3.13)
rJr
R = /]é e?BCd2¢ g(¢,N) dXerBN/2 (3.14)
rJor
and (DetD)~/2 is the unconstrained path integral
(DetD) ™ /? = /D[X]e—%Wx) (3.15)

with y satisfying the boundary conditions (P.24).
In section ([L.4)) it will be proved that the expression (B.10) holds also when the operator
D has a finite number of negative eigenvalues, in which case |DetD|_1/ 2 is defined by

Hﬁ JEIA (3.16)

with k running over the negative eigenvalues pi and x| spans the subspace orthogonal to
the eigenfunctions of D relative to the negative eigenvalues.



We are interested in the transformation law of I = I((y,m1,...,{n,nN; A,1) under a
conformal transformation ¢ — ¢ = ¢ Q).

We notice that the matrix elements of M are invariant under conformal transforma-
tions; hence we have to study the transformation properties of

I = ¢ 1x for kepdA /D[X] e~ 2(¢DX) (3.17)

To this end, we consider the eigenvalue equation

2
<——848¢+4,ubz e“"B> Xn = Hn Xn (3.18)
7T
with boundary conditions
1 [d¢ dg 2
- = exn — == 0pxn | = msb® 22 xy, A) € or. 3.19
2m.<dA<x d}\gx> b €5 xn,  C(N) € (3.19)

Taking the variation of (B.1§), we get
2
<—; 0,05 + 4 ub? e‘pB> Oxn + 4Xn 0(ub?ePB) = Spiy Xn + fin OXn - (3.20)
Then we multiply (B.20) by x,, and we integrate the result on the domain I'. Exploiting the

orthonormality of the eigenfunctions y,, the eigenvalue equation (B.1§) and the divergence
theorem, we get

1
Spy, = 4/ Xo 6 (ub*e?s) d*¢ — —7{ (Xn 0a0xn — 6xn OnXn )dA (3.21)
r 21 Jor

where 0; denotes the outward normal derivative on the boundary
d d¢
Oy = < S O¢ — d¢ (9<> , C(A\) eor. (3.22)
On the other hand, the variation of the boundary conditions (B.19) gives

1
S ( i Acdxn — & 8¢5Xn> = §(psb’e??) xn + psb?e? 0xn . ((N) €T

213\ dA d\
(3.23)
Using (B.19) and (B-23), we find that (B-21)) becomes
Spin = 4/X$L(<)5(ub26¢3)d2< + 7{ X2(N) 6 (psb®e?B/2) d . (3.24)
I or

At this point, exploiting the spectral representation of the Green function, i.e.

=3 Xn(Qxn(C) (3.25)

n>1



we get the variation

_ 1 Sy
o (log (Det D)) = =5 5 (3.26)
_ _ 2 B 2, 1 2 _vB/2
2 [ (OB EC = 5§ 0N 5(ptern ) i

where the Green function at coincident points in the bulk and on the boundary appear.
Such quantities are divergent and have to be regularized.

We have already learnt that the correct regularization is the one suggested by Zamolod-
chikov and Zamolodchikov [f, ], i.e.

o(¢.0) = Jim { a0+ 5 vog| ¢~ ¢} (3.27)

while gz (A, A) will be similarly defined by simply subtracting the logarithmic divergence.
Notice that gz(A, ') diverges like log |A— X|? when X — X and not like 1/21og |A—\'|?,
as one could naively expect. A general argument for this behavior is the following.!
After having transformed the simply connected domain I' into the upper half plane
H, the Green function gy(&,¢’) for the operator D with Neumann boundary conditions
satisfies

d d
<d_f - d_§t> aw (&) =0 when EeR (3.28)
hence its behavior near the boundary (Im¢ — 0) is given by the method of the images, i.e.

W(6E) = — 5 log(€ ~E)E~ ) — S logle ~ENE~ )+ (3:29)

which satisfies (B.2§).
The complete Green function g(¢,¢’) with mixed boundary conditions (.27) has the
form

96.6) = A€ (-3 loule - €)(E - €) — 5 loxle - )€~ )+ C(e€)) (330

where A(¢, &) and C(€, €') are regular functions [[[f] with A(£,€) = 1. The mixed boundary
conditions (R.27) for g(&,&’) then read

9(§,¢") i_i ’ ’ i_i N o o 2 op/2 /
G (- 3 ) A6 + Ae) (g - ) CEe8) = g e g(&é ;1)
for £ € R, i.e.
d d / . 2 _pB/2 /
(G- ) AGE) = —2mipPePAe.€)  when  ¢eR
L (3.32)
<d_§_d_§> CEe)=0 when ¢e€R.

We are grateful to Giovanni Morchio for providing the described argument.



In the bulk for £ = & we have

1 1 _
o6.€) = — 1 logle ~ € — L loglé — €+ (€. (339
while for both £ = z and & = 2’ on the boundary R = 0H we have
glz,z') ~ —log|z — 2| + C(z,z) . (3.34)

We notice that the finite part of g(&,¢’) in the bulk for £ going to the boundary coincides
with the finite part of g(z, 2") on the boundary, which is given by C(z, z). Such a boundary
behavior will be verified explicitly for the Green function on the background generated by
one source in section [L.2, where also the finite terms at coincident points will be computed.

Thus, coming back to the general simply connected domain I', we define the regularized
value of the Green function on the boundary at coincident points as follows

(A A) = lim {g()\, N) +log [A — X\?} . (3.35)

Now we observe that, since the Green function g({,¢’) is invariant in value under a confor-
mal transformation ¢ — ¢ = {({), then its regularized values at coincident points change

as follows
s 1 |dC]?
9(¢,¢) — 3(¢,¢) = g(¢,¢) + 3 log & when ¢el (3.36)
and
. ¢ |
gBAA) — G(AA) = gs(A\ ) + log il ((A)ear. (3.37)

We shall compute the change of () I — I; under a conformal transformation by
computing the transformation properties of its derivatives w.r.t. n1,...,nn, A and .
The logarithmic variation of I; is given by

- 1 - .
dloglh =0 <—— jé k &5 d)\> (3.38)
47 or
- - B - 1 - B -
—2/~§(§,§)6(ubze“"3) d?¢ — 5 7{~ Gs(NN) 8 (pusb*eP2/2) dX .
T o)
The terms in the second line can be rewritten as

~ 5T 2 em\ 27 L - 35 2 ¢B/2\ 1% _
- Q/I:g(C,C)é(ub e’?) d*¢ 5 jgng()\,)\)é(uBb e¥BI?) dX\ = (3.39)

- _ 2,98Y 42 _1 2.08/2
2 [ 9(COBR) EC = 5 P N 5(abers ) i

—/logJé(ubze“’B)d% . f{ log J & (pusb%e?2/%) dX
r 2 Jor

where J = |d(/d¢|? is independent of 7y, ..., nx, A and [.

,10,



Using the Liouville equation (R.14) for ¢ and the boundary conditions (R.15), we
obtain for last two terms in (B.39)

N
1 N1
_§ anlogJ]Cj +5[%72F¢B<aclongg—aglogjdg)JrEngklongA].
j=1

(3.40)

The term in (B:3§) containing the curvature k becomes
5l—2 }[ kg dh — — }[ (a log J d¢ — ;1 Jd() ! ]é klog JdA| (3.41)
ar Jor 7 8ri Jop P\ 08 ¢o8 ar Jor 8 '

where we have used the transformation law (2.13) for k& under conformal transformations.
Summing the two contributions and taking into account that the term

L (7{ klog.J d\ — }[ k long)\> (3.42)
4m \ Jor or

does not depend on 7y, ...,nnx, A and I, we find that

N

Slogl; = 6logly — 6 an logJ]Cj (3.43)
j=1

which gives
N
logl =loghy = Y mylogJ| ¢ + f(Cs-- 5 () (3.44)
j=1
where f((y,...,(n) is independent of 71, ...,nn, A and [. Since for vanishing 7; the vertex
correlation function has to be independent of (7, we have that f((i,...,(n) does not depend

on (1 and, similarly, on (s,...,(nN-
As the conformal dimensions A,, are given by

dlog J| o 0 <620‘1¢~’(§1) o 62CVN¢~)(§N) )

— Aozk OCx, B B—Ck 8 <62a1¢>(41) . e2an9(CN) > (345)

the relation (B.44)) provides the one loop quantum correction to the semiclassical dimensions
il — 7 n(1—n 1

% o A"/b:%J“”:“(g“—a) (3.46)

which coincide with the exact quantum dimensions [[(]. In particular the weights of the
bulk cosmological term e** become (1, 1).

4. The one point function

Through a conformal transformation, one can always reduce the finite simply connected
domain I' to the unit disk A. The classical and the quantum actions are given by (B.9)
and (R.25) respectively, with k& = 1. The parametric boundary length in the case of the
unit disk A is given by the angular coordinate 6.

We shall consider the one point function, i.e. one single source of charge 1; = 7 placed
in z; = 0, without loss of generality.

— 11 —



4.1 The classical action

The solution of the Liouville equation (R.14) with N = 1 on the unit disk is [B, [[7]

1 2(1 — 2n)?
e = — a”(1 = 21) . p>0, 0<a®<l (4.1)
b ((22)77 — a2(z2)1*77)

with g > 0 and 1 — 21 > 0. The condition a? < 1 is necessary to avoid singularities inside
A except for the one placed in 0. The boundary conditions (R.19) when I' = A read

— 120,20, = 1 + 21 pgb® ee/? when r=lz|=1 (4.2)

and this condition on the solution (@) provides the following relation between a? and the
scale invariant ratio of the cosmological constants

1 2
Jrp e _ _1ta (4.3)
1

Vi 2|al

It is important to remark that the semiclassical limit can be realized only for s < 0. More

precisely, from ([£J), we find that the scale invariant ratio of the cosmological constants
has to be \/mb g/ /1t < —1.

The classical field (1)) gives rise to specific expressions for the area A and the boundary

length [ of the unit disk in terms of the bulk cosmological constant u, the charge n and

parameter a®

1 a1 —2n)
A=[ e?d*z = — ———= 4.4
/Ae : ub? 1 —a? (44)
2lal (1 -2 1 (1—=2n)(1+a®
l=f poi2gy = YT a2 1 (-wmival)
A byp l1—a Jipb? 1—a?

where in the last step of ({.§) we have employed ({.3). A useful relation we shall employ
in the following is

A
a? = 1= dm 5 (1-2n) . (4.6)

Given the classical solution (f.I]), we can compute the classical action (R.9) on such a
background. The result is

So(n; ALl
Salec] = % +uA+ gl (4.7)
where [g]
So(m; A1) = b* Syl ] _ +(1=2n)(1 %—H (1-2n) -1
o\ A, t) = el Pe peup—0 AT A n 0g I 0og n
1
= (1-2n) <1_—1(12 + log |a| — 3 log(mub?) + log(1 — 21) — 1) . (4.8)

- 12 —



4.2 The Green function

The Green function on the background generated by one heavy charge satisfies the following
equation

2
Dg(z,t) = <— - 0,05 + 4 ub? e“"c> g(z,t) (4.9)

_ <_§azaz ,4aa _2’7)2_n)2> g(z,t) = 62(z—t)

m((22)" — a?(22)!

and its boundary conditions are

L g(et) = mb? et g(z)  when =1 (4.10)

where z = re? and ¢, is the classical background field ({£1]). Exploiting the relation ([.3)
derived from the boundary conditions of ¢., the boundary conditions for the Green function
read

2
(20, +20:) glzt) = (1—21) i—; g(zt)  when  |zl=1.  (411)

To compute g(z,t) in the simplest way, we expand it as a sum of partial waves

g(z,t) = Z gm(x,y) cos (m(«% — Hy)) (4.12)

m >0

where x = |z|2> and y = [t|>. The Fourier coefficients g,,(z,y) are symmetric in the
arguments and satisfy the following equation

(-2%<m%>+ﬁg+ M>gm(x,y):dm5(x—y) (4.13)

2z (2" —a?x17m)?
with dp = 1 and d,,, = 2 for m > 1. They are given by
gm(,y) = 0(y — x) am () b (y) + 0(z — y) am(y) b (z) vim =0 (4.14)

where both a,,(z) and by, (x) satisfy the homogenous version of (.I3). The functions
am (x) must be regular in = 0 and, to reproduce the delta singularity, the wronskian of
the solutions a,, and b, must be

Dag(r? Obo(r2 1
e utrt) — P aote®) = ]
) ; (4.15)
Oap, (%) 9 by, (1) 9 2
N ) _ - > 1
B by (17) o apm (r°) . m
The boundary conditions (4.10) are translated into
0 1+a?
2y 3y b (y) = (1 —2n) T2 b (y) when y=1; Vm >0 (4.16)
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The solutions for m = 0 are

1+ a2g1-2n 1 14 a?y!=2n 1-2
= bo(y) = — 1 n42 ) (417
ao(l') 1 — q2zl-2n O(y) 2(1 — 277) ( 1— agyl_zn ogy + > ( )
while a,,(x) and b,,(y) for m > 1 read
€ m n) 2 1-2
— 1— n 4.1
am(2) 1—a?zl=2 < m+ (1 —2n) “r ) (4.18)
—m/2 1 2,1-2n
Y +a%y
b (y)=— 1—-2n)———(1—9y™) — 1 m . 4.19
(v) m(m — (1= 2) (( n)l_azyl_gn( y") —m(l+y )> (4.19)

For a®> — 1, the expressions of a,,(z) and b, (y) go over to their counterparts on the
pseudosphere [I].
Given a,,(z) and by, (y), the series (.12) can be explicitly summed [f, [[§]. The result is

11 2(,3\1-2n 1 2 tt 1-2n 2
g(z,t) = — - + (%) +a( 7) logw(z,t) + (4.20)
2 1—a?(zz)l=2n | 1—a?(tt)=2n 1-2n
1 1

_ X
1—a2(zz)1=2 1 —a2(tt)1 -2
H)1-2n 7\1-2n
X aQLEF@n,1;1+2n;z/t)+a2(zLEF(2—2n,1;3—277;Z/t)+0-0-
om 1 2(1—n) t

1 _ z\1—2n tt 1-2n
——2tF(2n,1;1 + 2n; 2t) _a4(zz) )
2n 2(1 =)

2tF(2 —2n,1;3 — 2n; 2t) + c.c.} .

This Green function can be also obtained by applying the general method developed in [il,
[d, k).

In the limit a®> — 1 for z and t fixed we recover the Green function of the pseudo-
sphere [il, [d], which has also a well defined limit 7 — 0. On the other hand the limit
n — 0 of g(z,t) for fixed a® < 1 is singular and this fact is related to the occurrence of a
zero mode when n = 0 (see the pppendiy). Thus the two limits a? — 1 and 1 — 0 of the
Green function ({£.20) do not commute.

The regularized value g¢(z,z) of this Green function at coincident point is defined
in (B.27). To compute it, we can expand log |z — t|? as a Fourier series with symmetric and
factorized coefficients by employing

1 , 1 1 (2\™?
3 log |z —t|* = 3 logy — Z —\= cos (m(0, — 6,)) (4.21)

m2>1 Yy

where 2 = min(|z|,|t|) and y = max(|z|, |t|). Adding ({21) to (f.1J) and computing the
result at coincident points, we get a series representation for g(z, z), which can be summed
explicitly.
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Otherwise, we can apply directly the definition (B.27) to ({.2(), obtaining the same

result, i.e.

2
1 2(,5\1-2n 1 1 2(,5\1-2n
gz = [ 22 ) joe(1 — 22) — +a7(z2) (4.22)
L=2n 1 - a2(zz)1-2

(Bzg (2n,0) + a*B.z(2 — 21,0)

+a® (2ve +1(2n) + (2 — 2n) — log ZZ)) .

where 75 is the Euler constant and ¢ (z) = I"(x) /T (z).

For a®> — 1 g(z,2) in the bulk becomes the corresponding function on the pseudo-
sphere [, [[9, hence the two limits a> — 1 and t — z of the Green function ({:20)
commute.

By using the expansion of the incomplete Beta function B, («,0) around = = 1 [}, ],
we find that the boundary behavior of g(z, z) is

27 cot(27n)
1—a?

9(z,2) = — log(1l — 22z) — — 27 — 29(1 —2n) +

1-29
+ O((1 — 22) log(1 — 22)) . (4.23)

We notice from this formula that the two limits > — 1 and |z| — 1 of g(z,z) do not
commute.

The regularized value of the Green function on the boundary is defined in (B.3§).
Again, its explicit expression can be obtained either by taking the limit (B.35) on ({.20) or
by summing explicitly the series given by

g(e”,e”) = ao(1)bo(1) + Y am(1)bm(1) cos (m(6 — ) (4.24)

m=1

and

- Z % cos (m(0 — 0')) = log | e — eielf = log(2—2cos(6 —0))
m>1
=2log|0 — 0| +0((60—6)) . (4.25)

The result is

27 cot(27n)

95(0,0) = — 1_ a2

2y - 20(1 - 2) + (4.26)

1-29

which is independent of # by rotational invariance.
We notice that gz(6,0) coincides with the finite part of g(z, z) when |z| — 1, as shown

in general in section .
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4.3 Fixed area and boundary length expansion

At the semiclassical level, formula (f.3) coming from the boundary conditions (R.15) for
the classical field ¢, tells us that uz; < 0; hence, from (R.), we have to work at least with
fixed boundary length [. The semiclassical value of the action at fixed area A and fixed
boundary length [ has been computed in [P] and it has been reported in ([L.§).

To compute the quantum determinant at fixed area and boundary length, we perform
a constrained functional integral by exploiting the results obtained in section fJ for the N
point functions. For the one point function, (B.1]) becomes

(2090 = U 1, ) = / a “Bl/ M -tz A1) (4.27)
0 l 0 A

In order to understand the dependence of Z(n; A,1) on its arguments, it is useful to define

= <%>2 ((a)n(l_;zi);l—n)? - <%>26¢C (1.28)

where ¢ depends only on 7 and a?. Using

P, as follows

e‘ﬁ $on pedd _ 2_7T

l (4.29)

and the definition (.28) of @, from (B.6) we find to one loop

_ 2 27‘1’ 5 .
Z(n; Al)= e~ So(mAl) /b b213 /D —306DX)§ (/A e“"cxd2z> ) (e“’c(l)/z éAX d0> .

(4.30)
Exploiting the relation ([.6), we get the following structure
: _ —Semap 2m)*A 5 5
20y A1) = eS0T 200 Fn, AJP) (1 +0(0%)) (4.31)
So(mAn (2m)*A 2 2
€ ol )/ 2b2l3 fl(naa )(1+O(b )) .
After expanding x(z) in circular harmonics
Z Xm () cos(mB) x=|z)? (4.32)

m =0

we notice that the constraints involve only the m = 0 component of the quantum field
X(2); hence we are left with the following constrained quadratic path integral to one loop

1
Z(n; A1) = e~ Somaw (2m)° A 2b213 /D 3 (6Dx) 5(/0 e%@cxo(m)dx> 5(e¢c<1>/2xo(1)>.
(4.33)

The integrations over the partial waves with m # 0 give no problems because the constraints
involve only the m = 0 sector of the quadratic functional integral ([£33).
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4.4 The m = 0 sector
In this subsection we shall examine the m = 0 subspace. In the is proved that

the operator Dy, i.e. D acting on the m = 0 subspace, has one and only one negative
eigenvalue. To simplify the notation, we shall denote by ((z) the field xo(z), by ¢(1(z) the
normalized eigenfunction of Dy associated to the unique eigenvalue p; = (2/7)\; < 0 and
by (1 (z) the component of x((z) orthogonal to (;(z).

First we prove that the fixed boundary length constraint is sufficient to make the
functional integral ({£.33) stable. Exploiting the integral representation of the ¢ function,
the fixed boundary length constrained path integral is given by

=% / p(¢) [ dr exp{—l (¢, DoC) + i 7 P02 <<1>} (4.34)
- — [Dplc] /dT/d01 exp{——cl——(cl,Docl) +irer W2 (e ¢(1 )+CL(1))}

where ((2) = c1(1(2) + (1(2) = 2% ¢,.¢u(2). Now we perform the following change of
variable
CL(2) = (L(2) + iTgor(z,1) e/ (4.35)
where
goi(z2) = nl2n(z) C" (4.36)
n=2

is the Green function of the m = 0 sector orthogonal to the mode (;(z). Then, integrating
in 7, we find

1

Y= /D[CI]/dcl exp{—l(g’ DOC,)_Z%(,UJ‘F&)}
V2 ergo (1,1) ’ 2 VBT g01(1,1)
(4.37)
where go; (1,1) > 0 because p; > 0 for j > 2. The coefficient of —01/2 can be written in

the following form

ﬁ g0(1,1) (4.38)

from which one immediately sees that it is strictly positive, being

1+ a?
go(l,l) = ao(l) bo(l) = — (1_277)(1 _a2) < 0. (439)

Now we can integrate in ¢; and the final result for Y is

Y = / (¢ ] e 2D (4.40)
—piry/—e?eMgy(1,1)

This procedure shows that in spite of p; < 0 the constrained integral is stable.

Thus one could work keeping fixed p and the boundary length [. Instead, to compare our
results with the ones obtained in [f], we introduce also the fixed area constraint. Exploiting
again the integral representation of the § functions, the functional integral for the m = 0
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wave coming from ([£.33) reads

1
o / /d,o/dT exp{ (¢, D()C)—{—zp/ e‘ﬁcg(x)dx—l—iTe@c(l)/QC(l)}
(4.41)
Separating the mode relative to the negative eigenvalue uy and proceeding as shown before,

we get the following result for the contribution Zy(n; A, 1) of the m = 0 wave to Z(n; A,1) =
e~ So(mA/b? 1152 Zim(n; A, 1) to one loop

TA 1
Zo(m: A1) = =2 /p o= (¢ DoCL)
o8 A0) = 555 ey v J P16
TA 1 1
= —— ~ 4.42
BB (~ det 1)1/ (~Det Do) 72 (442
where
A X 1 1 R 1 R 2
det My = e go(l,l)/ / e? @ go(x,y) e W da dy — </ go(x,l)e“’c(x)dx> .
0o Jo 0
(4.43)
Using the explicit expressions for e®c and go(z, 2'), we get
_2)2 2
det Ny = — =) (24 L (4.44)
4(1 — 2n)? 12 (1—2n)2
Summing up, our procedure has lead us to the following expression
: 2m)tA
Z(n; A1) = e~ SomAD/¥ ( 213 fi(n,a*) (1 + O(b%)) (4.45)
o—Solmanp TA ! ! 1+0(%) (.46
b3 (— detM0)1/2 (—DetD)l/Q( +0O( )) (4.46)
e—So(mAn/p? 1 =21 1 1+ 0 4.47
2021 (—Det D)1/2 (1+007) (447)

where the remaining quadratic path integral (—Det D)*l/ 2 involves all the waves m > 0

Ver

—Det D)V/2 =
v

Dlx.1] e~ 3(x1.Dx1) (4.48)

and it is unconstrained.

4.5 The one point function to one loop

The unconstrained functional integral occurring in ({.47) must be computed with the
boundary conditions

— 2 x(2) = T usb? e/ x(2) when r2=1. (4.49)

To determine the function fi(n,a?) = f(n, A/1?) in ([.45) we shall compute the derivatives
of log(—Det D)~1/2 w.r.t. n and a® by exploiting (B.24). Indeed, from ([£.9) and (f.11]) one
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sees that (—Det D)_l/ 2 depends only on 7 and a?. By using the explicit expressions for
9(z,2z) and gz(0,0) in (B.24), given by (1.29) and ({.26) respectively, we find that

0 _
o log(—Det D)~1/2 - 295+ = o T 21p(1 — 2n) — 27 cot(277) (4.50)
0 1
— log(—Det D)~1/2| = : 4.51
aa2 Og( et ) , 1 _ a2 ( 5 )
Combining these results, we obtain
2me (2
(—Det p)~1/2 = B € ICn0) (4.52)

1—a® 7y/1-2n
where 3 is a numerical factor.

Exploiting the relation (f.f) and the expression ([l.47), the one point function at fixed
area and boundary length reads

. I e*MET(2n)

AL = e-Somapw B L eETEN) (52 4.53
(A1) = ¢ v i = (14 00) (453)
The bootstrap approach gives for the one point function at fixed area and boundary length
the following result [P]

r'(2n —b?) <lF(b2)> s exp ( L) . (454)

1
Zyp(A1) = b T(1+(1—2n)/2) \ 24  4Asin(7b?)

The one loop expansion of ([.59) is

1 [ 2 24
Znp(A,l) = exp 0 | 1A + (1 —2n) ( log h +log(1—2n)—1 X
y e VE | e*MET(2n)
2V2r VA 1—2p
which agrees with ({.5J), except for the arbitrary normalization constant 3. Eq. ({.5)

provides the first perturbative check of the bootstrap result ({.54).
Integrating back (.53) in A we obtain

(4.55)

1-2n 1—-2n

/ a4 eFAZ(n; Al) = e » (1—log(1-2m)) (mub?®) 202 t2 o (4.56)
0

A
B e*mET(2n) T 2
o iy e l(ae!) 1 000)

and integrating further this result in [ according to () we find to one loop

U s oy i) = € 72 (5los(mad?)+1-log=20) (4.57)

B e2MET(2n) cosh (mo ((1 — 2n)/b* + 1))
VT S e = (1 —2p)/0? + 1) sin (x(1 — 27)/0%)

*Here we correct a misprint occurring in [E, eq. (2.48)].
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where ¢ is defined as follows [g]

2 _ M_gﬂ_ 2
(cosh(mo))” = . b . (4.58)

We notice that the factor 1/sin (7(1 — 2n)/b?), which displays infinite poles for b* — 0, is
due to a divergence at the origin in the Laplace transform in .

The expression ([.57) agrees with the one loop expansion of the bootstrap formula [B, ]

2a 1

Ula; p, i) = % (W/L’y(b2))% I'(2ab — b*)T <T i 1) cosh (ms(2a — Q))  (4.59)

where Q = 1/b+ b, y(z) =T'(z)/T'(1 — x) and the parameter s is defined by
> pd
(cosh(mbs))” = FB sin(7b?) . (4.60)

We notice that in the limit a?> — 1 the semiclassical contribution to U(n; i, ) in ([E57),
which is

o572 (5 log(mub?)+1—log(1—2n)—§ log a?)

— o Saled (4.61)

goes over to the semiclassical result of the pseudosphere [[]], up to an 7 independent nor-

malization constant. On the other hand the quantum contribution develops an infinite
number of poles for b — 0, as discussed after ({.55).

In principle the method can be extended to higher loop even if it appears computa-
tionally rather heavy.

5. Conclusions

The extension of the technique developed in [fl] for the pseudosphere has been successfully
applied to the conformal boundary case.

A general method has been found for treating functional integrals with constraints, like
the fixed area and boundary length constraints. We proved that, by properly regularizing
the Green function, the correct quantum dimensions for the vertex functions are recovered.
We gave the explicit computation of the one point function at fixed area and boundary
length to one loop, providing the first perturbative check of the results obtained through
the bootstrap method [B, fJ].
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A. The spectrum of the D operator

Here we examine the spectrum of the operator

2a%(1 — 2n)?
O="D=—-0,0. +2mub’e? = —.9. + a”(1 = 2n) S (A
2 ((22)7 — a?(22)'-)
with boundary conditions ([L11])
1 2
(20.420:) x(z) = (1—2n) 1 i_ 22 X(2) when |z| =1 (A.2)
where e¥* is given in ([.1)).
Considering the wave m = 0, the eigenvalue equation with eigenvalue A
T
Oox = 5 Dox = Ax (A.3)
can be rewritten as 5
—(yx) +——=x =y°A A4
(yx)+(1_y)2x yPAX (A.4)
where y = a?(22)!=%1, p = 2n/(1 — 2n) and
A
A= (1 — 20)2(a2)1/(=20) - (A.5)
The boundary conditions ([A.3) read
X 1+ a? (A.6)

X ly—a2 - 2a2(1 — a?)

and x(y) is regular at the origin. For A = 0, the solution of (A.4) which is regular at the

origin is

1+y

fo =112
-y

i.e. the function ag given in (l.I7), but it does not satisfy the boundary conditions ([A-6))
because )
fo

Jo

being a? < 1. Thus we have

(A7)

2 1+ a?
1—at T 2a%(1 —a?)

(A.8)

y=a?

a? a? 2
0 = [ p@mar = [ (62 + T2 ) - el

o ) 22 2a2(1 + a>
A e e K e

a , 212 2a2(1 + a?
/0 (y( 0)° + a _ny)2> dy = 7(1(_ ;)3) . (A.10)

i.e.
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Now it is easy to modify slightly fy near y = a? to a function f. satisfying the boundary
conditions ([A.f) and for which

2

a? a 2
[ rena- | (y< ;>2+%)dy—a2f;<a2>fe<a2> (A11)
with -
liy 2(6%).(0) = ot (A.12)
and

a2

lim (y(fé)2 +

e—0 0

2

2f2 [ , 22  2a%(1+d?)
(1—y)? ) dy = /0 <y( 0) + T=y)2 > dy = T—a)p (A.13)

Being a? < 1, we have that
2a2(1 + a?) (1+ a?)3

A.14
(1—a?)3 2(1 —a?)3 ( )
and therefore on such test function f., which is not an eigenfunction, we have
a2
/ feOf:dy <0 (A.15)
0

for sufficiently small €. This proves that the operator © is not positive definite, i.e. it
possesses at least one negative eigenvalue A\; < 0.

We want now to prove that the ground eigenvalue A; is the only negative eigenvalue
occurring in the spectrum. First we write the eigenvalue equation (@) as

(yx')' = (ﬁ - ypA) X - (A.16)

The solution of (A.16) which is regular at the origin can be written as the following con-
vergent series

X = x4+ xW +xP 4., (A.17)

with x(© =1 and

O
x\" :/0 (logy—logy1)<

From (JA.17) and (JA.1§), one immediately realizes that for A < 0 the function y is a positive

R ypA> X" (y1) dys - (A.18)

function, increasing in y and a pointwise increasing function of —A. Since A; < 0, the
ground state eigenfunction is a positive function. The eigenfunction relative to Ay > Ay
must possess, by orthogonality, at least one node, but, as we cannot have a node for
Ay < 0, we must have Ay > 0. Thus the operator © with boundary conditions (A.2) has
one and only one negative eigenvalue. The presence of a negative eigenvalue makes the
unconstrained functional integral ill defined.
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Obviously one has to consider also the positivity of the partial wave operator for m = 1

2

and higher m. The eigenvalue equation in y = a?u = a?(22)'=27 for m > 1 is

m? X 2
— =4+ ——— v = yPAx. A.19
Al-2m2y  (1-y)? (4.19)

It will be sufficient to examine the case m = 1. The iterative solution of the following

—(yx) +

equation
IN; 1 X ( 2 P >
_ A Y A.20
(yx) =2 y a7 VM) (A.20)
is provided by series (A.I7) with
O = 2 (A.21)
1 (v _ _ 2 o
X = —/ (y?2y "7 =y 20 (72 —y”A> X" D) dyr  (A.22)
v Jo (1—w1)

where v = 1/(1 — 2n). Since we have always y; < y, then
—~/2 _ 2
y Ry =y Py >0 (A.23)

Again, being x(©) > 0, we have that the terms of the series for A < 0 are positive increasing
in y and pointwise increasing in —A. For m = 1 and n = 0 we know a solution of the
equation with null eigenvalue. It is

(A.24)

which gives /
X __t+y (A.25)
X 2y(1—y)
L.e. it satisfies identically the boundary conditions ([A.g). Thus for m = 1 and n = 0 we
have the marginal eigenvalue A = 0. Since x pointwise increases when —A increases, then
we cannot have nodes for A < 0 and, by orthogonality, we cannot have eigenvalues for
A < 0 either. Thus, for m = 1 and n = 0 the operator is positive semidefinite. Then,
from (A.19), we see that the operator is positive definite when m > 1 and n > 0 (always
n < 1/2). For m = 1 and n < 0 the operator is not positive definite (use as test function
the solution ([A.24) for m = 1 and n = 0) and therefore, when 7 < 0, we have instability

also for the m = 1 wave.
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